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Abstract—The high penetration of renewable energy brings
significant uncertainty to the power grids. Taking economic dis-
patch (ED) as an example, the inaccurate prediction of renewable
energy generations dramatically increases the dispatch cost and
risks the power grid’s reliable operation. The accurate distribution
knowledge of the renewable generations enables modeling the ED
as stochastic programming with joint chance constraints, which
various classical methods can tackle. However, in practice, such
distribution knowledge is inaccessible, and we can only observe
samples from some unknown distribution. This makes conducting
effective ED solely based on the observed samples challenging.
It is particularly true when we need to handle the joint chance
constraints. To tackle these challenges, we introduce the notions
of statistical feasibility and statistically feasible ED to guarantee
the satisfaction of the joint chance constraints. Specifically, we first
propose a sample-adaptive robust optimization (RO) to decouple
the joint constraints. We then identify that the inaccurate uncer-
tainty set leads to RO’s conservativeness, and then reconstruct the
constraint-specific uncertainty sets. We design the corresponding
sample-adaptive reconstruction-based RO (ReconRO) based on
the reconstructed uncertainty sets to further enhance the ED’s
effectiveness.

Index Terms—Chance-constrained optimization, economic
dispatch, robust optimization, sample-based optimization.

I. INTRODUCTION

ECONOMIC dispatch (ED), a classical procedure of the
power grid operation, is very well-investigated, especially

with the advances in forecast methods over the past decades.
However, the increasing penetration level of renewable energy
poses significant challenges to the effective ED. Specifically, the
significant prediction error of renewable energy increases the
system dispatch cost. It also brings high risks to balancing the
geographically distributed loads and maintaining the physical
constraints, which are the core tasks of ED.
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Although eliminating the prediction error is impossible, it is
often viable to estimate the distribution information about re-
newable energy generation. Such estimation allows us to model
the ED as a standard stochastic programming [1]. However, the
accurate distribution information may also be hard to obtain in
practice, because we can only observe the samples drawn from
the distribution. Conducting effective ED solely based on the
observed samples can be challenging because ED often involves
probabilistic constraints, e.g., chance constraints (CCs) and even
joint CCs, whose feasibility can be hard to quantify based on
samples.

To overcome these issues, we first introduce the notion of
statistical feasibility, which provides a theoretical guarantee of
satisfying the joint CCs with samples. Then, we propose a more
practical formulation termed as statistically feasible ED built on
statistical feasibility. In such a formulation, the remaining hurdle
is to handle the joint CCs with a statistical feasibility guarantee.
To mitigate this hurdle, we first propose a sample-adaptive
robust optimization (RO) which can decouple the joint CCs
by generating the corresponding uncertainty sets with provable
statistical feasibility. Like most RO, this sample-adaptive RO
is still conservative. We identify that the inaccurate uncertainty
set construction leads to the conservativeness, which inspires
us to reconstruct the constraint-specific uncertainty set and
further propose the reconstruction-based robust optimization
(ReconRO) to prompt the performance of ED.

A. Related Works

The conventional method to handle the sample-based ED is
scenario generation (SG) [2], [3]. However, the SG is computa-
tionally expensive and largely reliant on the quantity and quality
of the sample collection. The maturity of RO techniques and
chance-constrained methods has promoted power grid operation
with uncertainty. In the case of RO, Jiang et al. employ the
RO framework to conduct unit commitment (UC) for thermal
generators in the day-ahead market and devise a scheme to
control the RO’s conservativeness in [4]. Bertsimas et al. adapt
the RO framework to the two-stage security-constrained UC
problem and develop a practical algorithm in [5].

As for chance-constrained optimization, Wang et al. first
propose a two-stage chance-constrained program for the UC
problem with wind generation output in [6]. Poze et al. use the
chance-constrained framework to incorporate wind and demand
uncertainty in a joint energy and reserves scheduling problem
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in [7]. Bienstock et al. advance a stylized formulation of chance-
constrained optimal power flow and design an efficient algorithm
in [8]. For the more challenging joint chance-constrained op-
timization, the common computational method is to consider
the convex and tractable approximations [9], [10]. The most
related work is [11], where Van et al. consider a hydrothermal
UC problem with two-sided CC, and they modify the classical
cutting plane method to obtain an exact solution.

To provide more robustness to the chance-constrained op-
timization, the distributionally robust optimization (DRO) is
proposed for the ED [12]. Just to name a few, Zhang et al. propose
a DRO approach to conduct the ED with renewable energy gen-
eration in [13]. Duan et al. adopt Wasserstein ball-centered DRO
to calculate the optimal power flow in [14]. Xie et al. propose a
data-driven distributionally robust chance-constrained optimal
power flow model (DRCC-OPF) with an effective second-order
cone programming (SOCP) reformulation in [15]. Gu et al. adopt
the DRO framework to conduct effective operations of stochastic
emission-aware economic dispatch with storage systems in [16].
However, the literature for ED with DRO seldom considers joint
CCs since they are more challenging to compute than individual
CC [17]. For general literature handling the joint CCs, they can
be categorized into three groups. The first type of works use a
conservative approximation to build convex approximations of
joint CCs for DRO, and produce an approximate solution [18],
[19], [20]. The second type of works reformulate joint chance
constraints to a mixed-integer conic program/binary bi-linear
problem, but makes the original problem complex with addi-
tional integer variables [21], [22], [23]. And the third type of
works can reformulate the joint chance-constrained problem
as a convex program that can be effectively solved. However,
these works are effective often under strong assumptions, such
as the constraint configuration and the assumptions on the type of
ambiguity set [24], [25]. Some of the reformulations also suffer
from the curse of dimensionality, i.e., the problem size grows
with the dimension of decision variables/random variables [9].
In contrast, our approach can accurately solve the joint CCs
in the ED problem by transforming the original problem into
an equivalent convex program. Further, our approach is only
based on samples without additional assumptions to the random
variable’s distribution.

We are not the first to consider the satisfaction of joint CCs
with samples. Recently, there is a growing body of literature
dealing with the joint CCs in the RO scheme. For example,
Margellos et al. generate the uncertainty sets in the RO frame-
work through sample-based methods in [26]. Hong et al. further
theoretically advance the concept of statistical feasibility in
learning the shape of the RO’s uncertainty set and practicing
the concept by calibrating the uncertainty set’s coverage in [27],
which inspires our work. In the power sector, there are a few
works considering sample-based reformulations of joint CC
optimal power flow, such as [28] and [29]. However, they all
employ the traditional CC computation method and don’t pro-
vide the satisfaction guarantees for joint CCs based on samples.
That is, the samples may lead to inaccurate prediction for the
random variables in some cases, leading to constraint violation
and sub-optimal solution. The limitations of the conventional

Fig. 1. Conventional Optimization Approaches.

Fig. 2. Framework of Our Approach.

approaches are illustrated in Fig. 1. In contrast, we introduce
the notion of statistical feasibility to capture the uncertainty
of the samples, and then propose the statistically feasible ED
to guarantee the satisfaction of the joint CCs. We also pro-
pose a reconstruction-based robust optimization approach to
further improve the solution. The framework of our approach
is presented in Fig. 2. Specifically, the detailed comparison be-
tween our approach and the existing approaches is illustrated in
Table I.

B. Our Contributions

Our major contributions can be summarized as follows:
� Statistically Feasible ED: We introduce the notion of sta-

tistical feasibility for ED, which can provide a theoretical
guarantee for satisfying the joint CCs based on samples,
yielding the formulation of statistically feasible ED.

� Sample-Adaptive RO Customized for ED: To effectively
solve the statistically feasible ED, we first construct the
uncertainty set based on samples with statistical feasibility
guarantees and then propose the sample-adaptive RO.

� Sample-Adaptive ReconRO Customized for ED: To over-
come RO’s conservativeness, we reconstruct the constraint-
specific uncertainty set, yielding the sample-adaptive Re-
conRO.

The remainder of this paper is organized as follows: Section II
introduces the conventional chance-constrained ED. Section III
proposes the notion of statistical feasibility and the formulation
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TABLE I
COMPARISON OF DIFFERENT APPROACHES

of statistically feasible ED. Section IV proposes a sample aver-
age approximation approach to reckon the stochastic objective
function and investigates the theoretical accuracy-complexity
trade-off of the approximation. To design an effective approach
for the statistically feasible ED, Section V introduces the prelim-
inaries of RO and proposes an RO-based formulation to decouple
the joint CCs with provable statistical feasibility. Section VI
implements a sample-adaptive approach for solving the RO with
statistical feasibility guarantees. Section VII identifies the key
factors for the conservativeness of RO and then proposes the
ReconRO with better economic performance and less conserva-
tiveness. Section VIII evaluates the performance of our proposed
approaches. Section IX concludes our paper.

II. SYSTEM MODEL

Consider a set of geographically distributed generatorsN and
demandsM (the renewable generations can be regarded as nega-
tive demands) on a power network with a set of transmission lines
A. The standard ED seeks to conduct load balancing over T time
slots satisfying a set of constraints. The key challenge comes
from the stochasticity in the net load. To better characterize such
stochasticity, we model the net demand as random variables
following certain distributions. The system cost includes the
generation cost for each generator and the risk cost from the
real-time generation-demand mismatch. The system operator
seeks to minimize the system cost by solving the following
stochastic optimization:

(P1)min

T∑
t=1

(∑
i∈N

Ci(g
t
i) +R(Gt, Dt)

)
(1a)

s.t. Gt =
∑
i∈N

gti , Dt =
∑
i∈M

dti, ∀t, (1b)

St = Dt −Gt, ∀t, (1c)

R(Gt, Dt)=γ1E[(S
t)

+
] + γ2E[(−St)

+
], ∀t,

(1d)

f t = Hgg
t −Hdd

t, ∀t, (1e)

P

(
T∩

t=1
{f t

i ≤ f i}
)

≥ ρi,1, ∀i ∈ A, (1f)

P

(
T∩

t=1
{f t

i ≥ −f i}
)

≥ ρi,2, ∀i ∈ A, (1g)

gmin
i ≤ gti ≤ gmax

i , ∀i ∈ N , ∀t, (1h)

− DRi ≤ gt+1
i − gti ≤ URi, ∀i ∈ N , ∀t, (1i)

where (x)+ = max(x, 0).
The decision variables in (P1) are gti ’s, the generation of

generator i at time t, with the vector form gt = [gti , ∀i ∈ N ].
The other parameters include:
� Gt: total generation at time t;
� Dt: total demand at time t;
� St: generation shortage at time t (St < 0 indicating gen-

eration excess);
� f t

i : power flow of transmission line i at time t, with the
vector form f t = [f t

i , ∀i ∈ A];
� dti: the net demand for demand i at time t, with the vector

form dt = [dti, ∀i ∈ M];
� γ1, γ2: the unit generation shortage and excess risk cost;
� Hg,Hd: the shift factor matrix for generators and de-

mands, respectively;
� f i: the power flow capacity of transmission line i, with the

vector form f = [f i, ∀i ∈ A];
� ρi,1, ρi,2: the stability requirements of upper and lower

limit capacity on transmission line i;
� gmin

i ,gmax
i : the minimal and maximal generation capacities

of generator i;
� URi, DRi: the ramp up and down limits of generator i;
� Ci(·): convex generation cost function for generator i;
� R(Gt, Dt): the risk cost with total generation Gt and total

demand Dt;
Constraint (1c) characterizes the generation shortage; con-

straint (1d) specifies the risk cost which includes the expected
generation shortage and excess cost; constraint (1e) describes
the power flow on the transmission lines; constraint (1f) and
(1g) describe the joint CCs of upper and lower limit capacities
on transmission lines during the whole time horizon; constraint
(1h) characterizes the generation capacity of generators; and
constraint (1i) characterizes the ramp up and down rate capacity
of generators.

This is a classical stochastic ED with joint CCs. The essential
difficulty comes from the uncertainty of demands dti, since
both the risk cost R(Gt, Dt) and the transmission line capacity
constraints in (1f) and (1g) involve dti. Without full knowledge
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Fig. 3. Power of Prediction Error Decomposition.

of each dti’s distribution, we cannot accurately evaluate the
objective function. Further, the feasibility of the CCs cannot be
guaranteed without distribution information. These two issues
seriously deteriorate the economic performance and transmis-
sion line security.

To tackle these challenges, in the next section, we propose
a more practical formulation termed as the statistically feasible
ED, which is only dependent on the samples.

III. STATISTICALLY FEASIBLE ECONOMIC DISPATCH

In this section, we first decompose the prediction errors from
dti to better handle the uncertainty in ED. Then, we illustrate the
challenges of the optimization only with samples, and introduce
the notion of statistical feasibility. Finally, we customize a more
practical statistically feasible ED formulation.

A. Prediction Error Decomposition

The uncertainty of dti is the primary hurdle for solving (P1).
However, directly dealing with the uncertainty in dti can be
problematic. First, the realization of dti can be affected by many
factors and always exhibits time-varying characteristics. Further,
the variance of dti is significant, which can be observed from
the blue histogram in Fig. 3(a). This often makes the CCs very
conservative. To eliminate the temporal dependency, the most
common approach is to take the difference of the time series, the
histogram of which is illustrated in Fig. 3(b). We can observe
that the variance of the new difference series is well reduced.
An even better approach [16] is to use predictive models (i.e.,
neural networks) to capture the time-varying factors directly,
and then all the uncertainties come from the prediction errors,
i.e., dti = d

t
i + ξti , where d

t
i and ξti denote the predicted demand

and prediction error for demand i at time t, respectively. From
Fig. 3(c), we can find that ξti exhibits a very small variance.

Such a prediction error decomposition transforms (P1) into
the following equivalent problem (P1e):

(P1e)

min

T∑
t=1

(∑
i∈N

Ci(g
t
i) +R(Gt, Dt)

)
(2a)

s.t. f t(gt; ξt) = Hgg
t −Hd(d

t
+ ξt), ∀t, (2b)

P

(
T∩

t=1
{f t

i (g
t; ξt) ≤ f i}

)
≥ ρi,1, ∀i ∈ A, (2c)

Fig. 4. Estimation from different Sample Sets.

P

(
T∩

t=1
{f t

i (g
t; ξt) ≥ −f i}

)
≥ ρi,2, ∀i ∈ A,

Constraints (1b)−(1d), (1h)−(1i), (2d)

where d
t

is the vector form of the predicted demands, i.e., d
t
=

[d
t
i, ∀i ∈ M];ξt is the vector form of the prediction errors at time

t, i.e., ξt = [ξti , ∀i ∈ M]. We also denote ξ = [ξt, ∀t]. Note that,
we adopt the notation f t(gt; ξt) to highlight that the power flow
f t is the function of decision variables gt and random variables
ξt.

It is clear that, the uncertainty in (P1e) only exists in ξ.
Moreover,Dt in the objective function also involves ξ implicitly.

In practice, the exact distribution of ξt is unknown. we can
only observe a set of samples of ξt, i.e., Dξ = {ξ(i), ∀i ∈ S},
where ξ(i) is an error sample including all errors in an ED
process, i.e., ξ(i) = {ξ(i),tj , ∀t ≤ T , ∀j ∈ M}. S is the index
set of error samples. Generally, the prediction errors has time-
invariant property [34], thus we can assume that every single
ξ(i) is randomly sampled from ξ’s actual distribution Fξ.

B. Statistically Feasible ED

However, it is challenging to estimate the real distribution
Fξ only with samples. We provide an example to illustrate this
challenge in Fig. 4, where we want to conduct the distribution
estimation. Consider the case that all samples are independently
drawn from a standard normal distribution. Fig. 4(a) and (c)
illustrate two possible sample sets.

The two sample sets will lead to different estimations of
random variable ξ: Fig. 4(b) and (d) illustrate the ellipsoid based
on the estimated mean and covariance matrix from the sample
sets 1 and 2, respectively. We can observe that the estimation
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Fig. 5. Statistically Feasible Optimization.

from set 1 is closer to the optimal shape, while the estimation
from set 2 is dramatically different from the optimal one.

It indicates that different samples will lead to different es-
timations. When we are provided with sample sets that cause
large estimation errors, it is often difficult to guarantee the
satisfaction of constraints, as well as the economic performance
of optimization algorithms. To quantify such uncertainty from
the dataset and its influence on the optimization, we introduce
the notion of statistical feasibility.

We first introduce the notion of statistical feasibility, and then
introduce formulate our statistically feasible ED:

Definition 1 (Statistical Feasibility [27]): For any given
dataset Dξ, an approach will produce a solution ĝ. An approach
has the statistical feasibility guarantees if the solution ĝ it
provides is feasible for the constraints with confidence level η
for any given dataset Dξ.

Specifically, for a CC Pξ(f(ĝ; ξ) ≤ b) ≥ ρ, the statistical
feasibility is defined as:

PDξ
(Pξ (f(ĝ(Dξ); ξ) ≤ b) ≥ ρ) ≥ η. (3)

Since the solution ĝ is based on dataset Dξ, we use symbol
ĝ(Dξ) to demonstrate that ĝ is influenced by Dξ. Moreover,
since the samples of the dataset are randomly selected from the
distributionFξ, the solution ĝ also follows a certain distribution.
The inside constraint in (3) is the conventional CC. And the
outside constraint in (3) further guarantees that for all resulted
solutions ĝ (essentially, for different sample sets Dξ), the inside
CC can be satisfied with a probability no smaller than η.

Fig. 5 illustrates the main idea of our proposed notion. Specif-
ically, the cube on the left characterizes all possible sample sets.
Any point in the cube is a possible sample set with a number of
samples, i.e.,Dξ = {ξ(i), ∀i}. In our statistically feasible robust
optimization, we guarantee that except for a small part of biased
sets (≤ η, potentially brings huge estimation error), for any other
sample set, we can accurately guarantee that based on the sample
set, the CC can be satisfied.

Remark: Note that, although with similar names, the notion
of statistical feasibility is quite different from the statistical guar-
antee for DRO. The statistical feasibility characterizes the ability
of an approach (algorithm) to provide feasible solutions for CCs
with different sample sets. While the statistical guarantee for
DRO refers to its ability to make robust decisions against a set
of possible distributions (the ambiguity set) [21].

Now we adopt the notion of statistical feasibility to define the
statistically feasible ED as follows:

(P2)min
T∑

t=1

(∑
i∈N

Ci(g
t
i) +R(Gt, Dt)

)
(4a)

s.t. PDξ
(Pξ

(
T∩

t=1
{f t

i (g
t; ξt) ≤ f i}

)
≥ ρi,1) ≥ ηi,1,

∀i ∈ A, (4b)

PDξ
(Pξ

(
T∩

t=1
{f t

i (g
t; ξt) ≥ −f i}

)
≥ρi,2)≥ηi,2,

∀i ∈ A,

Constraints (1b)−(1d), (2b), (1h)−(1i), (4c)

where ηi,1 and ηi,2 denote the required confidence levels for the
inside CCs. Note that, each f t

i is a function of gt and ξt, and gt

is dependant on dataset Dξ. The statistically feasible constraint
guarantees that the inside CC can be satisfied with a probability
η for any dataset Dξ. Essentially, this is a more practical formu-
lation that focuses on the samples with theoretical guarantees.
In the subsequent analysis, we focus on solving (P2).

However, there are two main hurdles to solving this problem.
First, the objective function in (4a) implicitly involves random
variable ξ (in Dt), which still requires the distribution infor-
mation. Second, it is not clear how to construct the solution
satisfying CCs (4b) and (4c).

IV. SAMPLE AVERAGE APPROXIMATION

This section proposes a sample-oriented approach to approx-
imate the objective function. We also theoretically characterize
the trade-off between the approximation accuracy and approxi-
mation complexity.

A. Sample Average Approximation

We focus on the risk costR(Gt, Dt) as it is the only term with
uncertainty in the objective function of (P2). The specific form
of R(Gt, Dt) is as follows:

R(Gt, Dt) = γ1E[(S
t)

+
] + γ2E[(−St)

+
]

= γ1E

[(∑
i∈M

(d
t
i + ξti)−Gt

)+]

+ γ2E

[(
Gt −

∑
i∈M

(d
t
i + ξti)

)+]
. (5)

Without the knowledge of ξ’s distribution, we cannot obtain
the accurate value of R(Gt, Dt). To tackle this issue, we adopt
the notion of sample average approximation (SAA), which ap-
proximates the expectation by sample average. Specifically, we
first randomly sample a subset Ds

ξ with size ns from Dξ. The

sample average of R̂(Gt, Dt) is calculated as follows:

R̂(Gt, Dt) =
1

ns

∑
ξ(j)∈Ds

ξ

R̃(Gt, ξ(j),t), (6)
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where

R̃(Gt, ξ(j),t) = γ1

(∑
i∈M

(d
t
i + ξ

(j),t
i )−Gt

)+

+ γ2

(
Gt −

∑
i∈M

(d
t
i + ξ

(j),t
i )

)+

. (7)

Since a linear transformation can easily remove the (·)+
operator, the derived sample average R̂(Gt, Dt) is essentially
a linear function of the decision variables gti .

B. Accuracy-Complexity Trade-off

Intuitively, with more samples for SAA, the approximation
should be more accurate. However, it will also complicate the
approximated function, which directly affects the computational
complexity. To validate this intuition, we derive the following
theorem to characterize the approximation error:

Theorem 1: Given sample size ns, the approximation error
e(ns) between the real objective function and its approximation
is bounded as follows:

P (|e(ns)| ≥ Δ) ≤ 2 exp

(
− 2nsΔ

2

T 2(γ2
1 + γ2

2)(ξ − ξ)2

)
, (8)

where ξ and ξ denote the upper and lower bounds for ξti ,
respectively.

This result indicates that the approximation error reduces ex-
ponentially fast with increasing sample sizens. Further, a longer
time horizon T , a higher risk cost, and a more significant error
range (ξ − ξ) all contribute to a more significant approximation
error, which coincides with our intuition. The detailed proof is
deferred to Appendix A.

The computational complexity refers to the computation time
for the optimization with sample size ns. Although the objective
function only contains the original decision variables gti , trans-
forming the term with (·)+ operator implicitly includes more
decision variables. Specifically, the number of terms with (·)+
operator is 2nsT .

Therefore, we can derive the following corollary to charac-
terize the approximation accuracy-complexity trade-off:

Corollary 1: Given time horizon T and sample size ns, the
approximation error isO(exp(−ns/T

2)) and the computational
complexity is O(nsT ).

This corollary demonstrates that with the increasing ns, the
approximation error decreases exponentially whereas the com-
putational complexity increases linearly. A detailed proof is
provided in Appendix B.

V. SAMPLE-ADAPTIVE RO: THE BASIS

In this section, we further propose an RO-based framework to
solve the original problem (P2), which can effectively decouple
the joint CCs while satisfying the requirement of statistical
feasibility. Specifically, we first revisit the traditional RO for
more intuitions, which shed light on solving statistically feasible
RO.

A. Revisit Robust Optimization

Consider a typical chance constrained optimization as fol-
lows:

(CC) min f (x; ξ) (9a)

s.t. hi(x) ≤ ai, ∀i, (9b)

Pξ (g (x; ξ) ≤ b) ≥ ρ, (9c)

where x denotes the decision variables, and ξ denotes the
random variables. Equation (9b) denotes the deterministic con-
straints, and (9c) denotes the CCs. Specifically, it requires that
the condition g(x; ξ) ≤ b need to be satisfied with a probability
of at least ρ over ξ.

Solving a chance-constrained optimization requires the dis-
tribution information about ξ. In contrast, the RO requires less
information about ξ and can produce an approximate solution of
(CC) while satisfying the CCs. Specifically, the corresponding
robust optimization (RO) is as follows:

(RO) min f(x; ξ) (10a)

s.t. hi(x) ≤ ai, ∀i, (10b)

g(x; ξ) ≤ b, ∀ξ ∈ U , (10c)

where U is the uncertainty set, connecting (RO) and (CC). The
following fact identifies the requirement for the uncertainty set
U :

Fact 1: Any feasible solution to (RO) is also feasible to (CC)
if the following condition holds for U :

Pξ(ξ ∈ U) ≥ ρ. (11)

This fact indicates that, if the uncertainty set U can cover
ρ of ξ’s range, the solution of (RO) will be feasible to (CC).
Intuitively, if U is large enough, constraint g(x; ξ) ≤ b can be
satisfied for ρ part of ξ, which satisfies the original CC (9c).

More importantly, the RO only requires an uncertainty set
to approximately cover the range of ξ, instead of ξ’s specific
distribution. This makes it possible to generate uncertainty sets
based on samples.

B. RO With Statistical Feasibility

Similarly, we propose an RO with statistical feasibility to
approximate the solution of (P2) as follows:

(P3) min

T∑
t=1

(∑
i∈N

Ci(g
t
i) + R̂(Gt, Dt)

)
(12a)

s.t.
T∩

t=1

{
f t
i

(
gt; ξt

) ≤ f i

}
, ∀ξ ∈ Ui,1(Dξ), (12b)

T∩
t=1

{
f t
i

(
gt; ξt

)≥−f i

}
, ∀ξ ∈ Ui,2(Dξ),

Constraints (1b)−(1d), (2b), (1h)−(1i), (12c)

where U t
i,1(Dξ), U t

i,2(Dξ) are the uncertainty sets associated
with the dataset Dξ.
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Fig. 6. Uncertainty Set Construction.

Similar to Fact 1, we can derive the following theorem to
bridge the gap between (P3) and (P2):

Theorem 2: Any feasible solution to (P3) is also feasible
to (P2) if the following conditions for the uncertainty sets
U t
i,1(Dξ), U t

i,1(Dξ) hold:

PDξ

(
Pξ

(
ξ ∈ U i,1(Dξ)

) ≥ ρi,1
) ≥ ηi,1, ∀i ∈ A, (13)

PDξ

(
Pξ

(
ξ ∈ U i,2(Dξ)

) ≥ ρi,2
) ≥ ηi,2, ∀i ∈ A. (14)

This theorem is obvious since the original constraint (4b) and
(4c) in (P2) can be derived by combining constraints (12b) and
(12c) with (13) and (14) in (P3). Intuitively, it requires that for
dataset Dξ, the desired uncertainty sets should cover ρ part of ξ
with confidence level η. We next solve problem (P3) to obtain a
feasible solution to (P2).

VI. SAMPLE-ADAPTIVE RO: IMPLEMENTATION

In this section, we propose an approach to construct the
uncertainty sets Ui,1(Dξ), Ui,1(Dξ) for a given dataset Dξ while
satisfying the conditions (13) and (14). Then, we solve the RO
with the constructed uncertainty sets.

A. Sample-Adaptive Uncertainty Set Generation

In the subsequent analysis, we only constructUi,1 because the
process to construct Ui,2 follows exactly the same routine. For
better tractability, we design Ui,1 with the shape of ellipsoid:

Ui,1 = {ξ|(ξ − μ)TM−1(ξ − μ) ≤ si,1}, (15)

where μ is a vector with the same size of ξ, M is a symmetric
matrix, and si,1 is a scalar. Specifically, μ and M characterize
the shape of the ellipsoid. Parameter si,1 characterizes the size
of the ellipsoid and varies for different uncertainty set Ui,1.

To estimate these parameters, we first divide the dataset Dξ

into two parts Dξ,1 and Dξ,2 with sizes n1 and n2. Dξ,1 is
used to estimate the shape parameters μ and M , and Dξ,2 is
used to estimate the size parameter si,1. Specifically, Dξ,1 =

{ξ(i), ∀i ∈ S1}, Dξ,2 = {ξ(i), ∀i ∈ S2}, where S1 and S2 are
the index sets of error samples in Dξ,1 and Dξ,2. Each sample

ξ(i) = {ξ(i),tj , ∀t,∀j ∈ M}. The two stages of uncertainty set
construction are visualized in Fig. 6.

1) Shape Estimation: We estimate μ by the sample mean of
ξ(i) in Dξ,1:

μ =
1

n1

∑
i∈Si

ξ(i). (16)

Further, we use the sample covariance matrix to estimate M ,
since it can well characterize the geometric distribution of ξ.
Mathematically,

M =
1

n1 − 1

∑
i∈S1

(ξ(i) − μ)(ξ(i) − μ)T. (17)

2) Size Calibration: si,1 determines the size of the ellipsoid.
Intuitively, an uncertainty set with a large si,1 can cover more
sample points, yet makes RO more conservative. While a smaller
si,1 leads to a less conservative RO, but may not satisfy the
requirement in (13). Therefore, we seek to decide the smallest
possible si,1 satisfying (13) to get the optimal solution.

To obtain such a si,1, we first define a dimension-collapsing
transformation function F (ξ) as follows:

F (ξ) = (ξ − μ)TM−1(ξ − μ). (18)

By the transformation function F (ξ), each sample vector
ξ can be transformed into a scalar. We transform all ξ(i) ∈
Dξ,2 with F , and then sort all these F (ξ(i)) into a new set
{ŝk, 1 ≤ k ≤ n2} in ascending order, i.e., ŝk ≤ ŝk+1.

The desired si,1 is estimated by:

si,1 = ŝk∗ , (19)

where the index k∗ satisfies:

k∗ = min

{
r :

r−1∑
k=0

Ck
n2
(ρi,1)

k(1− ρi,1)
n2−k ≥ ηi,1

}
. (20)

We can prove the following theorem for the constructed
uncertainty set:

Theorem 3 (Statistical Feasibility Guarantee, Theorem 1
in [27]): The ellipsoid uncertainty set Ui,1 with parameters μ,
M , and si,1 from the above estimation satisfies the requirements
in (13), (14) if

n2 ≥ ln(1− ρi,1)

ln ηi,1
, ∀i ∈ A. (21)

Intuitively, this theorem indicates a minimal dataset size
adopted for size calibration. When it requires larger ρ and η, the
required amount of samples becomes larger. It is also remarkable
that the required sample size doesn’t depend on the dimension d
of the random variable ξ, in contrast with SG, which requires the
sample size of O( d

1−ρ log 1
1−ρ ) to guarantee the desired stability

requirements [35].
Therefore, based on the constructed uncertainty set, we can

solve (P3) to get a solution with a statistical feasibility guarantee.

B. Solving RO by Linear Transformation

Robust constraints with uncertainty sets are difficult to tackle
since such constraints are often not linear or even non-convex.
Here we prove that, the robust constraints in (12b) and (12c) can
be transformed into linear constraints based on our designed
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uncertainty sets. (P3) can also be transformed into convex pro-
gramming.

Specifically, for joint constraints (12b) and (12c), they can be
naturally decoupled as follows:

f t
i ≤ f i, ∀ξ ∈ Ui,1, ∀i ∈ A, ∀t, (22)

f t
i ≥ −f i, ∀ξ ∈ Ui,2, ∀i ∈ A, ∀t. (23)

These constraints can be explicitly expressed in terms of gt

and ξt in the following form:

hi
gg

t − hi
d(d

t
+ ξt) ≤ f i, ∀ξ ∈ Ui,1, ∀i ∈ A, ∀t, (24)

hi
gg

t − hi
d(d

t
+ ξt) ≥ −f i, ∀ξ ∈ Ui,2, ∀i ∈ A, ∀t, (25)

where hi
g , hi

d denote the vector in the ith row of Hg and Hd,

d
t

denotes the vector of predicted demand at time t, i.e., d
t
=

[d
t
i, ∀i ∈ A].
Such constraints can be further transformed into linear con-

straints as follows:
Theorem 4: The robust constraints (24) and (25) can be

equivalently transformed into the following linear constraints:

hi
gg

t − hi
dd

t ≤ f i − αt
i,1, ∀i ∈ A, ∀t, (26)

hi
gg

t − hi
dd

t ≥ −f i + αt
i,2, ∀i ∈ A, ∀t, (27)

where αt
i,1, α

t
i,2 are scalars satisfying:

αt
i,1 = −hi

dμ
t +

√
si,1||(M t)

1
2 (hi

d)
T||2, (28)

αt
i,2 = hi

dμ
t +

√
si,2||(M t)

1
2 (hi

d)
T||2. (29)

Note that, M t denotes the submatrix of M correspond-
ing to dimension ξt in ξ. The detailed proof is deferred to
Appendix C.

Intuitively, constants αt
i,1 α

t
i,2 are included to make the con-

straints tighter than the case without ξ.
By such a transformation, we can derive the following

tractable RO:

(P4) min

T∑
t=1

(∑
i∈N

Ci(g
t
i) + R̂(Gt, Dt)

)
(30a)

s.t. hi
gg

t − hi
dd

t ≤ f i − αt
i,1, ∀i ∈ A, ∀t, (30b)

hi
gg

t − hi
dd

t ≥ −f i + αt
i,2, ∀i ∈ A, ∀t,

Constraints (1b)−(1d), (1h)−(1i). (30c)

Clearly, as long as Ci(·) is convex, (P4) is a convex program-
ming, which can be efficiently solved. By solving (P4), we can
obtain the solution to (P2). Algorithm 1 summarizes the whole
process.

VII. SAMPLE-ADAPTIVE RO: RECONSTRUCTION

In this section, we introduce a solution reconstruction ap-
proach to further enhance the performance of RO. Specifically,
we first demonstrate why RO is conservative and provide the
intuition for the reconstruction approach. Then, we reconstruct

Algorithm 1: Robust Optimization (RO).
Input Dξ, ρi,1, ρi,2, ηi,1, ηi,2, n1, n2, ns;
Output Solution g with statistical feasibility guarantees;
1: Divide Dξ into Dξ,1 and Dξ,2 with size n1 and n2;
2: Calculate the approximated objective function according

to (6);
Uncertainty Set Construction:
1: Estimate shape parameters μ and M based on Dξ,1

according to (16), (17);
2: Construct the dimension-collapsing transformation

function F (ξ(i));
3: Calculate F (ξ(i)) for all ξ(i) ∈ Dξ,2;
4: Sort all F (ξ(i)) in ascending order to get the list

Ŝ = {ŝk, 1 ≤ k ≤ n2};
5: for i ∈ A do
6: Calculate the index k∗ by (20) for Ui,1 and Ui,2;
7: Obtain si,1, si,2 based on k∗ and Ŝ;
8: end for

Optimization:
1: for t = 1, 2, . . ., T do
2: for i ∈ A do
3: Calculate αt

i,1 and αt
i,2 based on (28) and (29);

4: end for
5: end for
6: Solve (P4) to get the solution g;

the uncertainty set. Finally, we solve the RO based on the
reconstructed uncertainty set.

A. Intuitions

The solution to (P4) is still conservative and can be further
improved. The conservativeness comes from the generated un-
certainty sets Ui,1 and Ui,2. For example, we determine that
all the uncertainty sets are approximated by ellipsoids, which
may not be optimal. Further, the constructed uncertainty sets are
independent of the specific forms of the constraints. Therefore,
there is a gap between the generated uncertainty set and the
optimal uncertainty set. Specifically, for uncertainty set Ui,1 and
the corresponding solution g, the following condition holds:

Pξ (ξ ∈ Ui,1) ≤ Pξ

(
T∩

t=1
{f t

i (g
t; ξt) ≤ f i}

)
, ∀i, ∀t. (31)

This gap comes from the RO framework itself, even with
Pξ(ξ ∈ Ui,1) = ρi,1, such a gap still exists and makes our solu-
tion conservative. To handle this problem, we make an important
observation:

Fact 2: For any feasible solution g = [gt, ∀t], it holds:

Pξ (ξ ∈ Ui,1) = Pξ

(
T∩

t=1
{f t

i (g
t; ξt) ≤ f i}

)
, (32)

if

Ui,1 = {ξ| T∩
t=1

{f t
i (g

t; ξt) ≤ f i}}, ∀i. (33)
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This observation inspires us to construct a better uncertainty
set with the shape closely related to the solution g. Specifically,
when we obtain uncertainty sets Ui,1, Ui,2 and get the solution
g, to reduce the gap in (31), we can further reconstruct the
uncertainty set with the shape specified by (33) based on g.

B. Uncertainty Set Reconstruction

To implement this idea, we estimate the following uncertainty
sets:

Ui,1 =

{
ξ| T∩

t=1
{f t

i

(
ĝt; ξt

) ≤ f i + si,1}
}
, (34)

Ui,2 =

{
ξ| T∩

t=1
{f t

i

(
ĝt; ξt

) ≥ −f i − si,2}
}
. (35)

We again split the dataset into Dξ,1, Dξ,2 with sizes n1 and
n2. Dξ,1 is adopted for estimating ĝ, and Dξ,2 is adopted for
estimating si,1, si,2. Again, we only constructUi,1 as the process
to construct Ui,2 following exactly the same routine.

1) Shape Estimation: We can run the RO algorithm straight-
forwardly based on Dξ,1 to get the initial solution ĝ.

2) Size Calibration: This calibration for si,1 is similar to that
in RO. The only difference comes from the joint constraints in the
uncertainty set. We design a customized dimension-collapsing
transformation function FRecon,1 as follows:

FRecon,1(ξ) = max
t

f t
i

(
ĝt; ξt

)− f i. (36)

Intuitively, for any sample ξ, FRecon produces a minimal
si,1 to make sure the constructed uncertainty set can cover this
sample. Similar to the RO, we transform each sample vector ξ(i)

in Dξ,1 into a scalar with FRecon(ξ
(i)), and then sort all these

FRecon(ξ
(i)) into a new set {ŝk, 1 ≤ k ≤ n2} ascendingly, i.e.,

ŝk ≤ ŝk+1.
The desired si,1 is estimated by:

si,1 = ŝk∗ , (37)

where the index k∗ satisfies:

k∗ = min

{
r :

r−1∑
k=0

Ck
n2
(ρi,1)

k(1− ρi,1)
n2−k ≥ ηi,1

}
. (38)

For si,2, the only difference is that, the dimension-collapsing
transformation function FRecon,2 should be:

FRecon,2(ξ) = max
t

−f t
i (ĝ

t; ξt)− f i. (39)

Similarly, the statistical feasibility of the constraints can be
guaranteed as long as condition (21) holds.

C. Solving ReconRO by Linear Transformation

Similarly, by solving the robust constraints with our estimated
uncertainty set, the original uncertainty set

hi
gg

t − hi
d(d

t
+ ξt) ≤ f i, ∀ξ ∈ Ui,1, ∀i ∈ A, ∀t, (40)

hi
gg

t − hi
d(d

t
+ ξt) ≥ −f i, ∀ξ ∈ Ui,2, ∀i ∈ A, ∀t, (41)

Algorithm 2: Reconstructed Robust Optimization (Re-
conRO).

Input Dξ, ρi,1, ρi,2, ηi,1, ηi,2, n1, n2, ns;
Output Solution g with statistical feasibility guarantees;
1: Divide Dξ into Dξ,1 and Dξ,2 with size n1 and n2;
2: Calculate the approximate objective function according

to (6);
Uncertainty Set Construction:
1: Calculate the approximated solution ĝ based on

Algorithm 1 and Dξ,1;
2: Construct the dimension-collapsing transformation

function Frecon,1, Frecon,2;
3: for i ∈ A do
4: Calculate Frecon,1(ξ

(i)), Frecon,2(ξ
(i)) for all

ξ(i) ∈ Dξ,2;
5: Sort all Frecon,1(ξ

(i)), Frecon,2(ξ
(i)) in ascending

order to get the lists Ŝ1, Ŝ2;
6: Calculate the index k∗ by (38) for Ui,1 and Ui,2;
7: Obtain si,1, si,2 based on k∗, Ŝ1, and Ŝ2;
8: end for

Optimization:
1: Solve (P5) the get the solution g;

can be transformed into the linear constraints:

hi
g(g

t − ĝt) + si,1 ≤ 0, ∀i ∈ A, ∀t, (42)

hi
g(g

t − ĝt)− si,2 ≥ 0, ∀i ∈ A, ∀t. (43)

Through such a transformation, we can derive the following
tractable RO:

(P5) min
T∑

t=1

(∑
i∈N

Ci(g
t
i) + R̂(Gt, Dt)

)
(44a)

s.t. Constraints (42), (43),

Constraints (1b)−(1d), (1h)−(1i). (44b)

(P5) is also a convex programming and can be efficiently
solved. The whole process is provided in Algorithm 2.

Remark: Our approach can be naturally extended to the unit
commitment economic dispatch (UCED) problem, since the
estimation process just relies on the samples. After obtaining the
uncertainty set, the statistically robust optimization for UCED
will be mixed-binary linear programming (due to the startup cost
and UC binary decision variables).

VIII. NUMERICAL STUDIES

We evaluate the performance of our proposed RO and Re-
conRO algorithm in terms of the dispatch cost, the constraint
violation rate, and the computational time on a 4-bus system and
the IEEE 118-bus system. The numerical study is performed by
Gurobi 9.5.0 [36] on a PC with Intel Core i5-11400F CPU and
16G RAM.
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Fig. 7. Network of the 4-bus case (modified from [38]).

TABLE II
4-BUS CASE: GENERATOR INFORMATION

A. Data Description and Experimental Settings

The renewable energy data are extracted from open data
provided by the Bonneville Power Administration (BPA) [37].
Specifically, it provides historical data on the predicted and
actual total outputs of wind turbines in the BPA control area
with a resolution of 5 minutes. The first numerical case we
adopt is modified from the 4-bus case in [38]. Fig. 7 illustrates
the network structure and line parameters. The parameters of
generators are listed in Table II, where the generation cost is a
piece-wise linear function, specified by slope ui($/MW) and the
intercept vi($), i = 1, 2, 3.

Another numerical study is based on the IEEE 118-bus Sys-
tem. The parameters for traditional generators (i.e., maximum
and minimum output, and up and down ramp limit) and line
capacities follow the settings in [39], To contrive the extreme
case of network congestion, we reduce the line capacities to
30% of their original values.

We set the shortage and excess risk costs γ1 and γ2 to be
$300/MWh and $20/MWh. All the stability requirement ρ and
confidence level η are set to be 0.95.

B. Competing Methods

We compare the following three categories of five different
approaches for ED:

1) Chance-Constrained Optimization: Chance constrained
optimization first estimates the distribution of ξ based on the
samples, and then obtains the explicit form of the joint CCs.
Further, it decomposes the joint CCs with the Bonferroni correc-
tion [40], and then solves the decomposed problem. We compare
two variants of chance constrained optimization by assuming
the error ξ follows Gaussian distribution (CC-G) and Laplace
distribution (CC-L).

The chance-constrained optimization requires the distribu-
tion type information of the random variables. With a better
distribution type assumption, the performance of CC should be
better. Specifically, Fig. (8) illustrates the net load forecast error.

Fig. 8. Gaussian and Laplace Estimations of Net Load Forecast Error.

Fig. 9. Objective Function Approximation Performance.

We can observe that the Laplace distribution has a better fitting
performance than the Gaussian distribution.

2) Robust Optimization (RO): We compare two RO algo-
rithms proposed in this paper: the basic robust optimization
algorithm (RO) and ReconRO.

3) Scenario Generation: SG is an approach to tackle the
chance-constrained optimization based on sampling the CCs.

C. Evaluation on 4-Bus System

We first evaluate the objective function approximation based
on our proposed ReconRO approach. Fig. 9 illustrates how the
dispatch cost and the running time change with increasing SAA
sample size. We can observe that the dispatch cost first goes
down and then flattens out, while the running time increases
linearly with a slope k = 0.15 s/100 samples. This coincides
with our theoretical trade-off results. We choose the SAA sample
size to be 50 in the subsequent experiments based on this trade-
off.

We perform 300 trails for the five different approaches in
limited sample case (n = 200) and sufficient sample case (n =
1000), and each trail involves a randomly generated dataset of
samples. The experimental results are provided in Tables III and
IV. We can observe that, with limited samples, the empirical
violation rates 1− ρ̂ and statistical violation rate 1− η̂ of CC-G
and SG are larger than 0.05, which do not satisfy the requirement.
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TABLE III
PERFORMANCE ON 4-BUS SYSTEM WITH LIMITED SAMPLES

TABLE IV
PERFORMANCE ON 4-BUS SYSTEM WITH SUFFICIENT SAMPLES

Fig. 10. Impact of Sample Size.

RO is too conservative, yielding a significantly higher dispatch
cost. ReconRO is less conservative than RO, yielding a signif-
icantly lower dispatch cost. CC-L enjoys the best performance
while satisfying the requirements for risk rates. This is because
CC-L can approximate the prediction error very well. On the
other hand, with sufficient samples (n = 1000), only CC-G
violates the risk rate constraints. Among the other approaches,
RO is still too conservative; ReconRO and SG enjoy the lowest
generation cost. The detailed calculation process is provided in
Appendix D.

Further, Fig. 10 illustrates how the dispatch cost and viola-
tion rate of different approaches change with the sample size.
Interestingly, the performance trend varies significantly between
different methods. Specifically, the dispatch cost and violation
rate of CC-L and CC-G do not change much with increasing
sample size. The reason is that these two approaches are mainly

Fig. 11. Impact of Stability Requirement ρ.

based on parametric estimation of the sample distribution, i.e.,
the mean and variance. The law of large numbers guarantees that
it only requires much fewer samples for such parametric estima-
tions, so more samples hardly lead to improvement. For SG, the
dispatch cost increases with sample size, but the violation rate
decreases. This is because SG generates the constraints based
on samples. When the sample size is limited, the amount of the
constraints is also limited, which leads to a solution with low cost
but often infeasible. On the other hand, with more samples, SG
can generate enough constraints to make the solution more con-
servative yet feasible to the CCs. In contrast, with the increase
in sample size, our ReconRO can better exploit the flexibility
reserve from the CCs and provide a less conservative solution
with an increasing but condition-satisfying violation rate. It also
outperforms all the other feasible approaches when the sample
size n ≥ 1000, demonstrating its remarkable performance.

Fig. 11 presents the performance of different approaches when
the stability requirementρdecreases. The sample sizen = 1000.
We can observe that the solution CC-G is always infeasible (the
curve is above the grey risk range curve in Fig. 11(b)), and
when ρ < 0.85, the solution of CC-L is always infeasible. This
indicates that CC methods are not always guaranteed to satisfy
the CCs. On the other hand, the solution of SG is always feasible
and performs more economically when ρ decreases. In contrast,
it is interesting to find that the violation rate curve of ReconRO
is always lower but closely approaches the allowed risk range
curve, which indicates that it can exploit the flexibility reserve
provided by the CCs. The dispatch cost of ReconRO also drops
quickly when ρ decreases.

In summary, these approaches have the following properties:
� CC: First, CC often strongly relies on the distribution

assumption. With a more accurate distribution assumption,
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TABLE V
PERFORMANCE ON 118-BUS SYSTEM

Fig. 12. Time Consumption.

it can enjoy a good economic performance (like CC-L).
Second, it is not sensitive to the sample size. Although
it can perform well with limited data, the performance
doesn’t change when the sample size increases. Finally,
it cannot always guarantee the violation rate requirements.

� RO: RO is the most conservative approach with the highest
cost in almost all cases. However, it is also the safest
approach and never violates the constraints.

� ReconRO: Our ReconRO can stably guarantee the violation
rate requirements. When the sample size increases, its
economic performance gradually improves. In most cases,
it outperforms the other constraint-satisfying approaches.

� SG: SG is strongly dependent on the sample size. When
the sample size is limited, it cannot satisfy the violation
rate requirement. And when the samples are enough, it can
achieve an economic performance close to ReconRO with
a significantly longer running time.

D. Evaluation on IEEE 118-Bus System

We evaluate the performance of our algorithm based on the
IEEE 118-bus system. Table V illustrates the extra cost (refer
to the gap to the optimal dispatch with accurate prediction)
and empirical violation rate for different approaches. We can
observe that the violation rates of all approaches meet the
requirements. RO is still the most conservative approach. Our
ReconRO achieves the lowest dispatch cost among all methods
and reduces the extra cost by 1.39% compared with the optimal
approach.

For the computational efficiency, Fig. 12 illustrates the run-
ning times of different approaches on the 4-bus system and
IEEE 118-bus system. CC-G, CC-L and RO enjoy the shortest
computation time. The ReconRO takes 70% more computation
time since it contains two ROs in the solution process. The
ReconRO can be performed on the IEEE-118 bus system within
30s. The SG is the most time-consuming approach, which takes
roughly 100 times more running time than ReconRO. This

demonstrates that our ReconRO simultaneously achieves good
economic performance and high computational efficiency.

IX. CONCLUSION

In this paper, we introduce the notion of statistical feasibility
and the formulation of statistically feasible ED. To tackle the
statistically feasible ED, we propose a robust sample-adaptive
optimization with statistical feasibility guarantees. To overcome
the conservativeness of RO, we further propose a reconstruction
approach to generate the constraint-specific uncertainty sets
and then design the corresponding ReconRO for effective ED.
The numerical studies based on a 4-bus system and the IEEE
118-bus system verify our methods’ performance and sample
adaptiveness.

APPENDIX

A. Proof for Theorem 1

The approximation error e(ns) with sample size ns satisfies:

e(ns) =

T∑
t=1

(
R̂(Gt, Dt)−R(Gt, Dt)

)
. (45)

Combining with (6) yields:

e(ns)=
T∑

t=1

⎛⎜⎝ 1

ns

∑
ξ(j)∈Ds

ξ

(
R̃(Gt, ξ(j),t)−R(Gt, Dt)

)⎞⎟⎠. (46)

Denote
∑T

t=1 R̃(Gt, ξ(j),t) as A(ξ(j)). Standard manipula-
tions simplify e(ns) as follows:

e(ns) =
1

ns

∑
ξ(j)∈Ds

ξ

(
A(ξ(j))−A(ξ)

)
, (47)

where A(ξ(j)) is i.i.d. for different j, and A(ξ) denotes the
expectation of A(ξ(j)) for all j.

Assuming each element in ξ can be bounded by [ξ, ξ], we can
derive the following condition for A(ξ):

max
ξ

A(ξ)−min
ξ

A(ξ) ≤ T max(γ1, γ2)(ξ − ξ), (48)

≤ T
√
γ2
1 + γ2

2(ξ − ξ). (49)

Plugging (49) and the Hoeffding’s inequality [41] into (47)
immediately yields our results.

B. Proof for Corollary 1

For the approximation error, Theorem 1 theoretically ad-
dresses the error as follows:

P (|e(ns)| ≥ Δ) ≤ 2 exp

(
− 2nsΔ

2

T 2(γ2
1 + γ2

2)(ξ − ξ)2

)
, (50)

where ns denotes the sample size.
It shows that given an upper limit of error Δ, the probability

that the absolute value of approximation error is larger than Δ
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is smaller than 2 exp(− 2nsΔ
2

T 2(γ2
1+γ2

2)(ξ−ξ)2
). Eliminating the inde-

pendent parameters γ1, γ2, ξ, ξ, and Δ, we can directly obtain
that such a probability decreases at the rate of O(exp(−ns/T

2))
with the increase of sample size ns.

For the computational complexity, we use sample average
approximation (SAA) to approximate the risk cost R(Gt, Dt)
as follows:

R̂(Gt, Dt) =
1

ns

∑
ξ(j)∈Ds

ξ

R̃(Gt, ξ(j),t), (51)

where

R̃(Gt, ξ(j),t) = γ1

(∑
i∈M

(d
t
i + ξ

(j),t
i )−Gt

)+

+ γ2

(
Gt −

∑
i∈M

(d
t
i + ξ

(j),t
i )

)+

. (52)

and

(x)+ = max{x, 0}. (53)

Since a linear transformation can easily remove the (·)+
operator, the derived sample average R̂(Gt, Dt) is essentially
a linear function of the decision variable gti . However, removing
the term with (·)+ operator implicitly includes one additional
decision variable, i.e., to represent a variable (x)+. Hence, we
need to include at least one more variable y with the following
constraints1:

y ≥ x, and y ≥ 0. (54)

Specifically, the number of terms with (·)+ operator is 2nsT .
Therefore, the number of implicit decision variables is O(nsT ).
This concludes our proof.

C. Proof for Theorem 4

Consider the following robust constraints:

hi
gg

t − hi
d(d

t
+ ξt) ≤ f i, ∀ξ ∈ Ui,1, ∀i ∈ A, ∀t, (55)

hi
gg

t − hi
d(d

t
+ ξt) ≥ −f i, ∀ξ ∈ Ui,2, ∀i ∈ A, ∀t. (56)

We can observe that the random variable ξt is with the additive
relation to the decision variables gt. Therefore, constraints (55),
(56) can be transformed into the following form:

hi
gg

t − hi
dd

t ≤ f i − αt
i,1, ∀i ∈ A, ∀t, (57)

hi
gg

t − hi
dd

t ≥ −f i + αt
i,2, ∀i ∈ A, ∀t, (58)

where αt
i,1 and αt

i,2 satisfy:

αt
i,1 = −min hi

dξ
t (59)

1Essentially, such a transformation only guarantees y ≥ (x)+ instead of
y = (x)+. To strictly enforce y = (x)+, we need to include integer variables.
However, it can be avoided in our problem, since we target to minimize the total
cost, and a larger y will lead to a higher risk cost. Therefore, all terms with y are
minimized in the solution, yielding y = (x)+. This is also a commonly adopted
transformation for problems with such a property.

s.t. (ξ − μ)T M−1 (ξ − μ) ≤ si,1, (60)

αt
i,2 = max hi

dξ
t (61)

s.t. (ξ − μ)TM−1(ξ − μ) ≤ si,2. (62)

The Slater’s condition [42] further guarantees the strong
duality condition, yielding:

αt
i,1 = −max

λ
min
ξ

hi
dξ

t + λ((ξ − μ)TM−1(ξ − μ)− si,1)

s.t. λ ≥ 0,

αt
i,2 = max

λ
min
ξ

−hi
dξ

t+λ
(
(ξ−μ)TM−1(ξ−μ)−si,2

)
s.t. λ ≥ 0.

By the positive definitiveness of the covariance matrix M ,
we can directly solve the quadratic programming and derive the
objective explicitly to characterize αt

i,1, αt
i,2.

D. Details of the Experimental Calculation

We divide the samples into two equal parts for estimation (Set
X ) and for evaluation (Set Y), respectively. For calculating the
items in Tables II and III in our work, we first randomly generate
300 sample sets with size 200 (Table II) and size 1000 (Table III)
by sampling the data from Set X for 300 times. Based on each
generated sample set, we conduct the estimations for different
approaches (e.g., uncertainty set, distribution estimation), and
then conduct the economic dispatch with different approaches
based on the predicted netload (consisting of the basic load from
the system parameter and the turbine’s output) and the samples
of the prediction error of Set Y on the system.

Specifically, the average cost, average empirical violation rate
1− ρ̂ and the average statistical violation rate 1− η̂ in the table
are calculated as follows:

Cost =
1

300 · ||Y||
∑
Dξ

∑
ξ∈Y

Cost(Dξ, ξ), (63)

1− ρ̂ =
1

300 · ||Y||
∑
Dξ

∑
ξ∈Y

Ivio(Dξ, ξ), (64)

1− η̂ =
1

300

∑
Dξ

I

⎛⎝ 1

||Y||
∑
ξ∈Y

Ivio(Dξ, ξ) > 0.05

⎞⎠ , (65)

where Cost(Dξ, ξ) represents the dispatch cost with the sample
set Dξ and real prediction error ξ; Ivio(Dξ, ξ) denotes the
indicator function that the solution violates any constraint (1)
or not (0) with the sample set Dξ and real prediction error ξ;
I( 1

||Y||
∑

ξ∈Y Ivio(Dξ, ξ) > 0.05) is the indicator function that
indicates whether the average violation rate exceeds 0.05 (1) or
not (0) with Dξ.

REFERENCES

[1] J. R. Birge and F. Louveaux, Introduction to Stochastic Programming.
Berlin, Germany, Springer, 2011.

[2] X.-Y. Ma, Y.-Z. Sun, and H.-L. Fang, “Scenario generation of wind power
based on statistical uncertainty and variability,” IEEE Trans. Sustain.
Energy, vol. 4, no. 4, pp. 894–904, Oct. 2013.

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on January 11,2025 at 06:48:47 UTC from IEEE Xplore.  Restrictions apply. 



792 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 39, NO. 1, JANUARY 2024

[3] M. Cui, D. Ke, Y. Sun, D. Gan, J. Zhang, and B.-M. Hodge, “Wind
power ramp event forecasting using a stochastic scenario generation
method,” IEEE Trans. Sustain. Energy, vol. 6, no. 2, pp. 422–433,
Apr. 2015.

[4] R. Jiang, J. Wang, and Y. Guan, “Robust unit commitment with wind
power and pumped storage hydro,” IEEE Trans. Power Syst., vol. 27, no. 2,
pp. 800–810, May 2012.

[5] D. Bertsimas, E. Litvinov, X. A. Sun, J. Zhao, and T. Zheng, “Adaptive ro-
bust optimization for the security constrained unit commitment problem,”
IEEE Trans. Power Syst., vol. 28, no. 1, pp. 52–63, Feb. 2013.

[6] Q. Wang, Y. Guan, and J. Wang, “A chance-constrained two-stage stochas-
tic program for unit commitment with uncertain wind power output,” IEEE
Trans. Power Syst., vol. 27, no. 1, pp. 206–215, Feb. 2012.

[7] D. Pozo and J. Contreras, “A chance-constrained unit commitment with
an n− k security criterion and significant wind generation,” IEEE Trans.
Power Syst., vol. 28, no. 3, pp. 2842–2851, Aug. 2013.

[8] D. Bienstock, M. Chertkov, and S. Harnett, “Chance-constrained optimal
power flow: Risk-aware network control under uncertainty,” SIAM Rev.,
vol. 56, no. 3, pp. 461–495, 2014.

[9] G. A. Hanasusanto, V. Roitch, D. Kuhn, and W. Wiesemann, “Ambiguous
joint chance constraints under mean and dispersion information,” Oper.
Res., vol. 65, no. 3, pp. 751–767, 2017.

[10] A. Geletu, A. Hoffmann, and P. Li, “Analytic approximation and dif-
ferentiability of joint chance constraints,” Optimization, vol. 68, no. 10,
pp. 1985–2023, 2019.

[11] W. van Ackooij, E. C. Finardi, and G. M. Ramalho, “An exact solution
method for the hydrothermal unit commitment under wind power uncer-
tainty with joint probability constraints,” IEEE Trans. Power Syst., vol. 33,
no. 6, pp. 6487–6500, Nov. 2018.

[12] X. Geng and L. Xie, “Data-driven decision making in power systems with
probabilistic guarantees: Theory and applications of chance-constrained
optimization,” Annu. Rev. Control, vol. 47, pp. 341–363, 2019.

[13] Y. Zhang, S. Shen, and J. L. Mathieu, “Distributionally robust chance-
constrained optimal power flow with uncertain renewables and uncertain
reserves provided by loads,” IEEE Trans. Power Syst., vol. 32, no. 2,
pp. 1378–1388, Mar. 2017.

[14] C. Duan, W. Fang, L. Jiang, L. Yao, and J. Liu, “Distributionally robust
chance-constrained approximate AC-OPF with Wasserstein metric,” IEEE
Trans. Power Syst., vol. 33, no. 5, pp. 4924–4936, Sep. 2018.

[15] W. Xie and S. Ahmed, “Distributionally robust chance constrained optimal
power flow with renewables: A conic reformulation,” IEEE Trans. Power
Syst., vol. 33, no. 2, pp. 1860–1867, Mar. 2018.

[16] N. Gu, H. Wang, J. Zhang, and C. Wu, “Bridging chance-constrained
and robust optimization in an emission-aware economic dispatch with
energy storage,” IEEE Trans. Power Syst., vol. 37, no. 2, pp. 1078–1090,
Mar. 2022.

[17] S. Ghosal and W. Wiesemann, “The distributionally robust chance-
constrained vehicle routing problem,” Oper. Res., vol. 68, no. 3,
pp. 716–732, 2020.

[18] J. Goh and M. Sim, “Distributionally robust optimization and its tractable
approximations,” Oper. Res., vol. 58, no. 4/part-1, pp. 902–917, 2010.

[19] A. Nemirovski and A. Shapiro, “Convex approximations of chance con-
strained programs,” SIAM J. Optim., vol. 17, no. 4, pp. 969–996, 2007.

[20] W. Xie, S. Ahmed, and R. Jiang, “Optimized bonferroni approximations of
distributionally robust joint chance constraints,” Math. Program., vol. 191,
no. 1, pp. 79–112, 2022.

[21] W. Xie, “On distributionally robust chance constrained programs with
Wasserstein distance,” Math. Program., vol. 186, no. 1/2, pp. 115–155,
2021.

[22] Z. Chen, D. Kuhn, and W. Wiesemann, “Data-driven chance con-
strained programs over Wasserstein balls,” Oper. Res.,early access, 2022,
doi: 10.1287/opre.2022.2330.

[23] S. Wang, J. Li, and S. Mehrotra, “A solution approach to distribution-
ally robust joint-chance-constrained assignment problems,” INFORMS J.
Optim., vol. 4, no. 2, pp. 125–147, 2022.

[24] R. Jagannathan, “Chance-constrained programming with joint con-
straints,” Oper. Res., vol. 22, no. 2, pp. 358–372, 1974.

[25] W. Xie and S. Ahmed, “On deterministic reformulations of distributionally
robust joint chance constrained optimization problems,” SIAM J. Optim.,
vol. 28, no. 2, pp. 1151–1182, 2018.

[26] K. Margellos, P. Goulart, and J. Lygeros, “On the road between robust op-
timization and the scenario approach for chance constrained optimization
problems,” IEEE Trans. Autom. Control, vol. 59, no. 8, pp. 2258–2263,
Aug. 2014.

[27] L. J. Hong, Z. Huang, and H. Lam, “Learning-based robust optimiza-
tion: Procedures and statistical guarantees,” Manage. Sci., vol. 67, no. 6,
pp. 3447–3467, 2021.

[28] L. Roald and G. Andersson, “Chance-constrained AC optimal power flow:
Reformulations and efficient algorithms,” IEEE Trans. Power Syst., vol. 33,
no. 3, pp. 2906–2918, May 2018.

[29] A. Peña-Ordieres, D. K. Molzahn, L. A. Roald, and A. Wächter, “DC
optimal power flow with joint chance constraints,” IEEE Trans. Power
Syst., vol. 36, no. 1, pp. 147–158, Jan. 2021.

[30] Z. Wang, C. Shen, F. Liu, X. Wu, C.-C. Liu, and F. Gao, “Chance-
constrained economic dispatch with non-Gaussian correlated wind power
uncertainty,” IEEE Trans. Power Syst., vol. 32, no. 6, pp. 4880–4893,
Nov. 2017.

[31] Y. Yang, W. Wu, B. Wang, and M. Li, “Chance-constrained economic
dispatch considering curtailment strategy of renewable energy,” IEEE
Trans. Power Syst., vol. 36, no. 6, pp. 5792–5802, Nov. 2021.

[32] Y. Zhang, X. Ai, J. Wen, J. Fang, and H. He, “Data-adaptive robust
optimization method for the economic dispatch of active distribution net-
works,” IEEE Trans. Smart Grid, vol. 10, no. 4, pp. 3791–3800, Jul. 2019.

[33] M. A. Velasquez, N. Quijano, A. I. Cadena, and M. Shahidehpour, “Dis-
tributed stochastic economic dispatch via model predictive control and
data-driven scenario generation,” Int. J. Elect. Power Energy Syst., vol. 129,
2021, Art. no. 106796.

[34] I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning. Cambridge,
MA, USA: MIT Press, 2016.

[35] M. C. Campi and S. Garatti, “The exact feasibility of randomized
solutions of uncertain convex programs,” SIAM J. Optim., vol. 19, no. 3,
pp. 1211–1230, 2008.

[36] Gurobi, “Gurobi solver 9.5.0,” 2021. Accessed: May 22, 2022. [Online].
Available: https://www.gurobi.com

[37] B. P. Administration, “Wind generation and total load in the bon-
neville power administration balancing authority,” 2020. Accessed: May
17, 2022. [Online]. Available: https://transmission.bpa.gov/Business/
Operations/Wind/

[38] C. Lu, W. Jiang, and C. Wu, “Effective end-to-end learning framework
for economic dispatch,” IEEE Trans. Netw. Sci. Eng., vol. 9, no. 4,
pp. 2673–2683, Jul./Aug. 2022.

[39] I. I. of Technology Power Group, “IEEE 118-bus test system,” 2015.
Accessed: May 1, 2022. [Online]. Available: http://motor.ece.iit.edu/data/

[40] X. Chen, M. Sim, and P. Sun, “A robust optimization perspective on
stochastic programming,” Oper. Res., vol. 55, no. 6, pp. 1058–1071, 2007.

[41] R. Vershynin, High-Dimensional Probability: An Introduction With Ap-
plications in Data Science, vol. 47. Cambridge, U.K.: Cambridge Univ.
Press, 2018.

[42] S. Boyd, S. P. Boyd, and L. Vandenberghe, Convex Optimization. Cam-
bridge, U.K.: Cambridge Univ. Press, 2004.

Chenbei Lu (Graduate Student Member, IEEE) re-
ceived the bachelor’s degree from the School of Soft-
ware Engineering, Huazhong University of Science
and Technology, Wuhan, China. He is currently work-
ing toward the Ph.D. degree in computer science and
technology with the Institute for Interdisciplinary In-
formation Sciences (IIIS), Tsinghua University, Bei-
jing, China, advised by Professor Chenye Wu. He
was the recipient of the National Scholarship in 2017
and Excellent Graduate of Huazhong University of
Science and Technology in 2020. He is currently

working on the optimal design and operation of power systems.

Nan Gu (Graduate Student Member, IEEE) received
the bachelor’s degree from the Department of Electri-
cal Engineering, Tsinghua University, Beijing, China.
He is currently working toward the Ph.D. degree in
computer science and technology at IIIS, Tsinghua
University, advised by Professor Chenye Wu. Her re-
search interests include market design and optimiza-
tion in the power system. She was awarded Excellent
Graduate of Tsinghua University in 2019.

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on January 11,2025 at 06:48:47 UTC from IEEE Xplore.  Restrictions apply. 

https://dx.doi.org/10.1287/opre.2022.2330
https://www.gurobi.com
https://transmission.bpa.gov/Business/Operations/Wind/
https://transmission.bpa.gov/Business/Operations/Wind/
http://motor.ece.iit.edu/data/


LU et al.: SAMPLE-ADAPTIVE ROBUST ECONOMIC DISPATCH WITH STATISTICALLY FEASIBLE GUARANTEES 793

Wenqian Jiang (Graduate Student Member, IEEE)
received the master’s degree from China-EU Institute
for Clean and Renewable Energy, Huazhong Univer-
sity of Science and Technology, Wuhan, China. He is
currently working toward the Ph.D. degree in com-
puter and information engineering with the School
of Science and Engineering, The Chinese University
of Hong Kong, Shenzhen, China, advised by Profes-
sor Chenye Wu. Shewas awarded Excellent Graduate
of Huazhong University of Science and Technology
in 2021. He is working on economic analysis and
optimization of power systems.

Chenye Wu (Member, IEEE) received the Ph.D. de-
gree in computer science and technology from IIIS,
Tsinghua University, Beijing, China, in July 2013. He
is currently an Assistant Professor with the School
of Science and Engineering, The Chinese University
of Hong Kong, Shenzhen (CUHK Shenzhen), China.
Before joining CUHK Shenzhen, he was an Assistant
Professor at IIIS, Tsinghua University. He was with
ETH Zurich as a Wiss. Mitarbeiter (Research Scien-
tist), working with Professor Gabriela Hug, in 2016.
Before that, Professor Kameshwar Poolla and Profes-

sor Pravin Varaiya hosted. He is a Postdoctoral Researcher at UC Berkeley for
two years. During 2013–2014, he spent one year at Carnegie Mellon University
as a Postdoc Fellow, hosted by Professor Gabriela Hug and Professor Soummya
Kar. His Ph.D. Advisor is Professor Andrew Yao, the laureate of the A.M. Turing
Award in the year of 2000. Dr. Wu was the best paper award co-recipients of
IEEE SmartGridComm 2012, IEEE PES General Meeting 2013, IEEE PES
General Meeting 2020. He is working on economic analysis, optimal control
and operation of power systems.

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on January 11,2025 at 06:48:47 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


